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How Should a Card Counter Play His Blackjack Hand? 
 
N. RICHARD WERTHAMER 
 
Abstract A casino blackjack player who counts cards in order to optimally scale his 
bet size can also use the count information to adjust how he plays his hand. The usually 
recommended procedure employs an elaborate set of guidelines, termed Count-
Dependent Strategy (CDS). A much simpler procedure has been proposed by Marcus and 
by Werthamer, termed Counter Basic Strategy (CBS), although their assertion that CBS 
has a value comparable to that of CDS has been challenged. Here I confirm that CDS 
and CBS do have comparable values, stemming from a not-well-appreciated dependence 
of expected return on pack depth. I also determine that those values are roughly half that 
of a generalised play adjustment strategy that has maximal value but is impractically 
complex.        
 
Introduction 
A casino blackjack player who maintains a card count and adjusts his bet accordingly can 
also use the count to adjust the way in which he plays his hand. The procedure 
recommended by some experts (e.g. Schlesinger 2005) is termed Count-Dependent 
Strategy (CDS). Here the player follows a set of rules, called strategy indices, which 
connect each play decision (whether or not to draw another card, double down, or split 
pairs) to the current count. CDS in practice adds considerable complexity for the player, 
although the incremental advantage gained thereby has generally not been precisely 
quantified. 
 A simpler procedure has been proposed by Marcus (2007) and independently by 
Werthamer (2007). This newer guideline, termed Counter Basic Strategy (CBS), is much 
like standard Basic Strategy in that the play rules are fixed, entirely independent of the 
count. Yet, because the CBS rules are predicated on the player’s counting and bet 
variation scheme, they improve his performance over that of Basic Strategy.  In fact, 
CBS’s performance, suitably defined, can be comparable, or even exceed, that from 
typical CDS strategy index methods. 
 Because such a performance comparison claim can seem counter-intuitive, CBS 
has been sharply criticized by at least one expert (Canjar 2007). As a result, serious 
questions have remained as to the legitimacy of the method, particularly its comparative 
performance vs. CDS. Here we present a deeper investigation of the two methods and 
spotlight the causes of CBS’s surprising success. Some of the apparent anomaly is 
resolved by underscoring the differing measures of optimality and performance 
associated with the two methods. A single performance measure applied uniformly and 
consistently to both confirms the worth of CBS as previously claimed.   
 
Definitions 
We define the following terms: 
 
• Depth: the fraction of the pack already dealt at the start of a hand, up to a maximum 

fraction, termed the penetration, at which all cards are reshuffled. 
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• True count: an index constructed from the card values dealt since the last previous 
shuffle, dependent on the weight (counting vector) assigned to each card value, and 
divided by the number of decks remaining undealt. 

• Expected return: the probability of a hand’s winning minus the probability of it 
losing, dependent on the true count and depth at its start. 

• Yield: the average over all true counts and depths, weighted by their probability of 
occurrence, of the product of a hand’s expected return and its bet size in units of a 
minimum or base bet; yield can also be thought of as the player’s relative expected 
cash flow per round. 
 

Then the playing strategies being compared are defined as: 
 
• Basic Strategy (BS): the method of playing a hand, independent of true count and 

depth, that maximises the expected return from the first hand following a shuffle (i.e., 
at zero depth). 

• Count-Dependent Strategy (CDS): the method of playing a hand, dependent on the 
true count at its start but independent of depth, that maximises the expected return 
from the first hand following a shuffle. 

• Counter Basic Strategy (CBS): the method of playing a hand, independent of true 
count and depth, that maximises the yield.  

 
Analysis and Computational Approach  
The mathematical analysis needed to define and justify CBS has already been published 
by Werthamer (2007) and independently verified by Ethier (2007). One step in the 
derivation, however, was treated only lightly by Werthamer (2007), and omitted 
altogether by Ethier (2007). But the step can be seen as a immediate consequence of 
Thorp’s Invariance Theorem (Thorp 2000), which aims to show that the expected return 
from any hand, at any depth, is the same provided no count is maintained. Since Thorp’s 
argument is entirely discursive and so is difficult to apply to our needed step, we provide 
in the Appendix an alternative algebraic proof that connects to our derivation more 
directly.   
 With that addendum, the key result of the earlier analysis is that the expected 
return as a function of true count γ  and depth f  is given by the series expansion,  
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where  nH  is the nth Hermite polynomial, 52 (1 )f D fτ ≡ −  and D  is the number of 
decks in the pack. This depth dependence of R  is not inconsistent with the Invariance 
Theorem, which applies only in the absence of a count; but the Invariance Theorem is 
needed to arrive at the expression shown.   
 Equation (1) gives a practical, computable recipe for R :  
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1. code a computation of R  for zero true count and depth; this can be cross-checked for 
accuracy against previous results published by Caccarulo (in Schlesinger 2005); 

2. extend the computation to non-zero true counts via expressions (A.5) and (A.11) of 
Werthamer (2007); 

3. fit the resulting curve with a low-order polynomial in γ  (typically a cubic or quartic 
gives excellent accuracy), thereby generating a small number of fitting coefficients 

nc ; 
4. substitute the fitted coefficients nc  from the step 3 into a truncation of equation (1), 

thereby extending the expected return computation to positive depths. 
 
We have implemented this numerical program on the Mathematica application platform. 
Whereas in Werthamer (2007) the computation was carried out step-wise in several 
distinct applications, with manual transfers of data between steps, the Mathematica 
version is performed entirely (including figure plotting) within a single run, thereby 
reducing the chances of numerical error. 
 
Results 
We begin by showing a plot, Figure 1, of ( ,0)R γ  in the example of 4D =  with the 
simple pair splitting rules of no DAS, no resplits. The lower curve is the expected return 
with Counter Basic Strategy (no dependence of play on true count); the upper curve is 
with Count-Dependent Strategy (adjustment of play to always seek the maximum 
expected return at each value of true count). The curves never cross, although they are 
tangent at a single positive value of γ . Thus it is tempting to assume that CDS must of 
necessity always result in a higher yield than CBS. But in fact the yields are comparable, 
depending on the choice of betting pattern, and in some cases the yield with CBS is 
greater than with CDS. The criticism of Canjar (2007) is to question the validity of such 
an outcome, given the evidence of Figure 1. 

INSERT FIGURE 1 
 But yield, as the above definition makes clear, is an accrual over all depths, and 
Figure 1 shows the situation at zero depth. Furthermore, at greater depths there is a 
greater probability of positive true counts and consequently of larger bet sizes, so the 
dominant contributions to yield accrue from larger depths. 
 The positive depth analogue of Figure 1, based on equation (1), is illustrated in 
Figure 2 at the extreme of 0.8f = . Now the curves are reversed, with CBS lying above 
CDS for all true counts between roughly −7.5 and +7.5. (Note that both play strategies 
stay unchanged, the same as at zero depth.) This reversal of order is the explanation for 
the yield results questioned by Canjar (2007). And the reversal can be traced back to 
equation (1): the second order Hermite polynomial 2H  decreases with increasing f . So 
if its coefficient 2c  is positive, as it is for the CDS curve, then the entire curve moves 
downward with depth. If 2c  is negative, on the other hand, as it is for the CBS curve, 
then the entire curve moves upward with depth. Those effects together lead to the curve 
crossing and reversed order between Figures 1 and 2. 

INSERT FIGURE 2 
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A Play Strategy Dependent on Both Count and Depth 
Although CDS is self-evidently the optimal play strategy at zero depth, in the sense of 
maximising the expected return, it is not necessarily superior to CBS in the sense of 
maximising yield, averaged over all depths. But since CBS is defined to have no 
flexibility to adapt to changes in either true count or depth, it must be inferior to another 
strategy that does permit such flexibility. Such a strategy, which we term Count and 
Depth Dependent (CDD), is readily generated by our computational program. But in a 
practical casino environment CDD is even more difficult to use than CDS; we develop its 
features and performance here primarily to exhibit the upper performance limit of a 
varying play strategy and to measure that of CBS against it. 
 Table 1 displays the yield for the several different play strategies considered here, 
with various numbers of decks and bet patterns. One bet pattern is a simple ramp in true 
count, with a slope fixed at 2.0 and a spread (ratio of maximum to minimum bet) of 10. 
The yields for CDS and CBS are roughly comparable, and are bracketed by BS below 
and CDD above. The other pattern is, more optimally, a ramp in expected return, also 
with a spread of 10. Termed the HJY pattern and characterized more fully in Werthamer 
(2005), the ramp slope takes the value that maximises the return on investment. But since 
the slope for the HJY pattern is derived, rather than fixed, it varies depending on the play 
strategy; thus here an intercomparison between play strategies is not strictly one-to-one, 
but rather mixes changes in play and bet. (The same concern holds for the simulation 
results presented by Canjar (2007), which are developed within a bet pattern equivalent to 
HJY.) Nonetheless, the HJY yield results are similar in ranking to those with the true 
count ramp.  

INSERT TABLE 1 
 Figure 3 shows how the strategy indices for standing on 17, 16  and 15 against 
dealer’s upcard 10 vary with depth; these indices are considered the most significant in 
CDS apart from the insurance decision (see Schlesinger 2005, p. 62). From the true count 
values of about 0.5 and 4.5, respectively, at low depths, these indices in CDD decline 
with depth and approach roughly 0 and 3.5, respectively, at depths near the penetration, 
here assumed to be 0.8. Thus, although these shifts in strategy indices with depth are not 
large (other index shifts are comparable or smaller, and might be missed in a computation 
with an insufficiently fine grid), they are enough to generate the increase in yield between 
CDS and CDD, which in turn bracket CBS. 

INSERT FIGURE 3 
 Unmistakably, then, Counter Basic Strategy is as simple to use as Basic Strategy 
yet captures roughly half or more of the yield improvement available from play variation. 
Since that maximal improvement is in any event quite small, it hardly seems worth the 
effort to employ complex schemes to capture more of it than is already available from 
CBS. 
 
Appendix: Thorp’s Invariance Theorem 
A natural question in blackjack analysis is whether a hand’s expected return, playing a 
fixed strategy but not counting, is independent of the depth at which the hand is dealt. But 
curiously, since blackjack has been examined extensively since the early 1960s, the 
question was not definitively answered until Thorp’s paper of 2000 proved the 
affirmative. Nevertheless, Thorp’s methodology is almost entirely narrative, making 
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almost no use of algebra, although his paper is formally structured with theorems, 
lemmas, proofs, and corollaries. It may be helpful, then, to provide an algebraically-based 
proof as an alternative. 

First of all, consider a hand that begins after one or more rounds following a 
shuffle, the previous rounds having used jm  cards of value j , totalling 10

1 jj
M m

=
= ∑  in 

number, from a pack of D  decks. The probability of drawing value j  on the first card of 
the latest round is ( ) ( )0( ) 52 52j jd j D d m D M= − − , where 0

jd  is the probability of 

drawing value j  as the first card following a shuffle: 0 0
101/13, 10; 4 /13jd j d= ≠ = .  

Also, introduce the compressed notation 052j jD dν ≡ . Then the likelihood of the thκ  card 
in the hand having value jκ  and conditional on the previous cards being 1 1, ,j jκ−  is 

( ) ( ) ( ) ( )1

( ) 1
1 1

52 ,
; , ,

52 ( 1)
ll

D M d j j j
d j j j

D M

κ−
κ κκ =

κ κ−

− − δ
=

− − κ −
∑

 . (A1) 

 
The return from a hand of N  cards can be expressed as a sum of terms, each 
corresponding to a different configuration of cards drawn and each with the likelihood 
factor 
 

( )( )
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 But the order of the cards can be interchanged without affecting the hand’s 
likelihood. Specifically, by substituting equation A1 and rearranging, it can be shown that 
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which demonstrates that interchanging the adjacent pair of cards 1,j j +κ κ  in the hand 
leaves its likelihood unaltered. By iteration, any reordering of a hand’s cards leaves its 
likelihood unchanged. Specifically, we elect to rearrange the cards of the hand into a 
canonical form where the 1n  aces are dealt first, the 2n  twos next, etc., so that 

10

1 jj
n N

=
=∑ . The hand can be characterized just by the numbers n rather than by the full 

set j. Then equation A2 can be written as 
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 The probability distribution, { }p m , of the previous cards jm  is the constrained 
multinomial (Werthamer 2005, equation 23) 
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Then the expectation of the hand’s likelihood, equation A4, averaged over the probability 
of the cards dealt previously, is 
  

( ; ) { } ( ; )P M p G≡ ∑
m

n m n m ,                       (A6) 

 
which we’d like to show is independent of M . 
 To evaluate the expectation, replace the Kronecker delta in equation A5 by its 
Fourier representation, leading to 
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The multiple derivative operations can be carried out by iteration of the prototype 

( ) ( ) ( ) 1
1 1

a ai ia i e a e
−ϕ ϕ+ ∂ ∂ϕ + = + , such that each successive iteration reduces the 

parameter a by one. Then straightforward manipulations give 
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Thus the probability of drawing any hand is independent of the depth at which it is dealt, 
as claimed! Furthermore, the proof is valid for any card game in which multiple rounds 
are dealt without reshuffling the pack, baccarat for example and not just blackjack alone. 
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Figure 1.  Expected return vs. true count, zero depth, four decks.  The lower curve is with 
CBS play, the upper with CDS play. 
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Figure 2.  Expected return vs. true count, four decks, at a depth of 0.8. (The scale is 
enlarged from Figure 1.) CBS is now the upper curve, CDS the lower.  
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Figure 3.  CDD strategy indices vs. depth, hard stand against dealer’s upcard 10. 
 
 
Table 1. Yield ratio for several play strategies, bet styles, and numbers of decks. 
    
Bet Style Play Strategy 1 deck 4 decks 6 decks 
Ramp in true count BS .06920 .02001 .01047 
 CDS .07753 .02195 .01180 
 CBS .07623 .02205 .01179 
 CDD .08441 .02443 .01327 
HJY BS .06942 .02124 .01359 
 CDS .07252 .02211 .01443 
 CBS .07554 .02345 .01529 
 CDD .07754 .02451 .01611 
 
 
 
 
 
 
 


