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ABSTRACT    In casino blackjack, the odds fluctuate from round to round as cards are 
dealt from a randomly shuffled pack. A player who ‘counts cards’ can estimate the odds 
on the next round and so can vary his bet size accordingly: better-than-average odds 
warrant a larger bet. The optimal relationship of bet to count is derived here under the 
criterion of maximum expected increase in capital per round subject to a specified risk of 
ruin. The optimisation analysis is complicated by the need to impose lower and possibly 
upper bounds on the bet size. A family of optimal betting schemes is found, depending on 
the risk selected and other parameters; among this family is the one found by Harris, 
Janecek and Yamashita using a different optimisation criterion. Representative 
computational results are displayed for a typical set of blackjack conditions. Some 
commentary is given on the choice of a bet scheme from the optimal family, depending on 
the player’s style and objectives. Remarks are also made about Kelly betting, in the 
context of risk.        

Introduction 

There are three major aspects to the optimal play of casino blackjack: 

1. How best to play a hand; 
2. How best to estimate the odds on the next round, usually by scanning and 

‘counting’ the cards dealt since the last reshuffle; and 
3. How best to select the bet size for the next round, based on the estimate of its 

odds and on other factors.  

The first two aspects have been analysed exhaustively; the optimal procedures were 
published decades ago and have long since become standard. The best play of a hand, at 
least without card counting, is commonly termed Basic Strategy. The best counting 
method for odds estimation (see, e.g., Griffin (1996), p.71) is usually closely 
approximated by any of several more practical schemes.  

The third aspect, however, is less well understood. The classic texts on blackjack 
usually suggest (see Wong, 1994, p.18) one or another empirical betting scheme. 
However, website posts by Harris, by Janecek and by Yamashita, to which we refer 
collectively as ‘HJY’ (1997), present a powerful analysis of optimal betting. Although 
these results have become widely accepted and absorbed into the routine practice of 
many skilled players, the analysis has not to our knowledge appeared in a peer-reviewed 
publication.     
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HJY adopt as their criterion for optimality the minimisation of a certain functional, 
which they identify as the number of rounds required to achieve an increase in the 
expectation of the player’s capital equal to its variance. They also specify a fixed 
‘spread’, the ratio of maximum to minimum bet sizes in any round. Harris then obtains 
the player’s long-run risk of ‘ruin’ (i.e., probability of losing his entire capital) from the 
resulting bet scheme.  

We revisit the issue of optimal betting, selecting a different and, to our mind, more 
compelling criterion for the optimisation: maximising the increase in the player’s 
expected capital per round (or ‘yield’), subject to a specified risk of ruin. We also use a 
more general expression for the risk, dependent on the number of rounds played. We 
recover the HJY result as a particular case, but also find a family of other solutions that 
trade off between yield, risk and spread. We show graphical representations of the family 
for a few typical choices of the parameters involved.  

I. Yield and Risk  

Our first task is to derive analytical expressions for the player’s risk of ruin and expected 
capital after N  rounds. We adapt the methodology of Cox, Ross and Rubenstein (‘CRR’, 
1979) which, although they apply it to a classic problem in financial economics, is also 
appropriate here; we will see this connection more clearly later.  

Model game with an unvarying return 

No ruin 

Paralleling CRR, we first consider a simple model game that is unvarying at each round. 
The player always antes a fixed amount B  and either wins or loses, independently of the 
outcomes on previous rounds (characteristic of a Markov stochastic process, in which 
each trial is independent of those preceding it: e.g., Feller (1968)). The probabilities of 
these outcomes and the amount Bω  won or lost, are such as to produce a change BR  in 
the player’s expected capital, assumed positive, with variance 2 2B σ . Thus if we denote 
the probabilities as κχ , where the index is κ = ±  for win/lose, then 2 2 1/ 2( )Rω σ= +  and 

(1 / ) / 2Rκχ κ ω= + . The quantity R  we call the ‘return’. 

Further assume the player starts the game with capital 0C , a large integer multiple 
of Bω . After 0 0/N C B cω< ≡  rounds, the player has zero probability of being ruined 
and the probability of his capital being C  is just the standard binomial distribution: 

 0
0
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=
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κ
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δ δ ω κ χ .                       (1) 

From this expression it is straightforward to show that the player’s expected capital NC〈 〉  
has increased to 
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 0NC C NBR〈 〉 = + ,                                                                                                         (2) 

with variance 

 2 2 2 2
N NC C NB σ〈 〉 − 〈 〉 = ;                                                                                                 (3) 

the yield is just 0( ) /N NY C C N BR≡ 〈 〉 − = .  

For large values of N  and 0c , we can take the asymptotic limit of ( )Np C .  Begin 
by converting the Kronecker δ  functions in Equation 1 into their Fourier representation 
and carrying out the nκ  summations, arriving at the form 

 ( ) exp( ln )
2

i
N

dp C ic N e
−

= − + ∑∫
π

κφ
κ

κπ

φ φ χ
π

,                                                                     (4) 

 where 0( ) /c C C Bω≡ − . Then for large N  the φ  integration can be carried out by the 
standard steepest descents technique (e.g., Feller, 1968), giving the Gaussian distribution 
expected from the Central Limit theorem: 

 
1/ 2 2

0
2 2 2 2

( )1 1( ) exp
2 2N

C C NBRp C B
NB NB

ω
π σ σ

 − −  −  
   

 .                                               (5) 

This form explicitly maintains the expectation and variance of Equations 2 and 3; its 
normalisation is such that ( ) 1Ndc p C∫ = .  

With ruin 

For larger numbers of rounds, 0N c≥ , the player has a non-vanishing probability of ruin. 
Consider averaging over many playing sessions, each starting with 0C , in some of which 
the player is ruined and his session terminated. An expression for the probability, ( )NP C , 
of the player’s capital being C  after N  such rounds can be deduced, with some 
difficulty, by extrapolating from small values of 0N c− :  
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κ

,                       (6)                  

a generalisation of Equation 1 and equivalent to one given by Epstein (1995, p.64, 
equations 3-11), ‘attributable to Lagrange’. This putative expression can be validated by 
induction, since direct substitution shows that it satisfies the recursive requirement 
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1( ) ( ) ( )N NP C C P C B+ = Θ −∑ κ
κ

χ κ ω ,                                                                               (7)           

where Θ  is the unit step function. The probability NL  of ruin on the N th round is then 

1
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To find the yield after N  rounds, it is convenient to define a function  

 
0

( ) ( )
N

N N
c c

F P C Lν
ν =

≡ +∑ ∑x ,                                                                                              (9) 

but with the variables κχ  in Equations 6 and 8, which obey the constraint 1κ
κ

χ =∑ ,  

replaced by the unconstrained xκ . Then we can show that NF  satisfies the recursive 
relation analogous to Equation 7, 

 1 1( ) ( ) ( 1) ( )N N N
c

F F x P Cκ
κ

− −= + −∑ ∑x x ;                                                                     (10)                                                                           

 iterating Equation 10 downward and noting that 0

0
( ) ( )c

cF xκ
κ

= ∑x  leads to 

 0

0

1
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=
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.                                                              (11) 

Restoring →x χ  gives the desired conservation of probability, 

 
0

( ) 1 1
N

N N
c c

P C L Wν
ν =

= − ≡ −∑ ∑ ,                                                                                   (12) 

which can be interpreted as the probability of ‘survival’ at round N  equalling unity 
minus the cumulative probability of ruin.  Following this logic still further, the expected 
capital can be expressed as 

 0 0( ) lim( ) ( )N N N N
c

C CP C C W C B x F
x→

∂
〈 〉 = − = +

∂∑ ∑x χ
xκ

κ κ

ω κ ,                                   (13) 
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which from Equation 11 leads to       

0

0 1 1 .
N

N
N

c

C CY BR L
N N ν

ν

ν
=

 〈 〉 −  = = − −  
  

∑                                                                 (14) 

Although Equations 12 and 14 appear simple enough, further analytical progress 
can only be made in the asymptotic limit of a large number of rounds, 0cN >> . We 
substitute Equation 8 into definition (12) and then use the asymptotic form Equation 5, to 
arrive at the cumulative probability of ruin, 

 
0

1/ 22 2
0 0
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2 2

N

N
c

C C BRW d
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   +
−   

   
∫

νν
πν σ ν σ

;                                                       (15) 

a similar integral is needed for NY  but with the additional factor 1 / Nν−  in the integrand. 
Providently, with some manipulation these integrals can each be expressed in terms of the 
error function (or complementary normal integral)    

( ) 1/ 2 2Erf( ) 2 exp( / 2)
x

x dy y
∞−≡ −∫π ;                                                                           (16) 

the resulting forms are 

 0
2 2 1/ 2Erf

( )
q q

N
C NBRW e e
NB σ

− ±

±

 ±
 
 

∑                                                                                  (17) 

and  

 0 0
2 2 1/ 21 1 Erf

( )
q q

N
C C NBRY BR e e

NBR NB σ
− ±

±

  ± − ±   
    

∑ ,                                                   (18) 

where 2 2
0 /q C BR B σ≡ . 

Although Equations 17 and 18, based on Equation 5, were derived from taking the 
asymptotic limit analytically, they are actually quite good approximations even for 
moderate values of N . For the finance problem addressed by CRR, Hull (2002) shows 
by direct computation that convergence to the asymptotic limit, although oscillatory, 
occurs in as few as a hundred rounds or less.  

Actual blackjack 

Blackjack, of course, is more complex than the model game of the previous section in 
two main respects. Firstly, different hands have different payoffs (some rounds tie; 
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doubled or split hands win/lose lose twice the ante or base bet; player blackjack pays 3 to 
2), so that the variance per round is typically about 1.26.  Secondly, the odds vary from 
round to round; blackjack is an example of what Epstein calls a compound game 
(Epstein, 1995). The player who estimates the return by counting varies his bets 
accordingly. These generalisations need to be incorporated into the risk and yield 
formulas. 

CRR, however, observe that asymptotic results derived from the model game 
depend only on its return and variance. They conclude - and this is the crux of their 
methodology - that therefore the asymptotic expressions are also valid for any more 
complex game as long as those expressions contain the actual game’s true return and 
variance and the actual game is also based on a Markov process.  Thus our model game is 
constructed to duplicate blackjack’s variance, thereby accounting fully for its various 
payoffs.  

Furthermore, in the absence of ruin, blackjack’s yield with counting is modified to 
BR〈 〉  and its variance to 2 2B σ〈 〉 , where ( )B B R=  is now a function of the estimated 

return on the next round. The averages are over the stochastic fluctuations in the pack 

composition, for example ( ) ( )BR dR B R R Rρ
∞

−∞
〈 〉 = ∫ , where an explicit expression for 

the distribution function ( )Rρ  will be derived in Sec. II.B. Thus Equations 17 and 18 are 
still true for blackjack in the presence of ruin after these modifications. To recapitulate 
and at the same time slightly condense the notation, 

 
0

1, 1 1q qN
N N

YW e E y bR e E
C N bR

− −
± ±

± ±

  
≡ 〈 〉 − ±  〈 〉  

∑ ∑  ,                                 (19a,b) 

where 2 2 1/ 2

1Erf
( )

q N bRE e
N b σ

±
±

 ± 〈 〉
≡  〈 〉 

 and 2 2

bRq
b σ
〈 〉

=
〈 〉

. The bet size and the yield are scaled 

here by 0C , such that 0/ CBb ≡ . 

The general ruin expression Equation 19a has been exhibited without proof by 
Schlesinger (2000, p. 162), attributed to Chris Cummings (private communication, 2003). 
Other authorities who discuss risk of ruin (including Harris, 1997) quote only the long 
term, very large N  limit, exp( 2 )W q≅ − , which is independent of N . 

Connection with finance 

Although these expressions are relatively unfamiliar in blackjack analysis, the one for 
ruin is similar to a Nobel-winning milestone in the mathematics of finance: the Black-
Scholes formula for the rational value of an option on an asset (such as a stock) whose 
price fluctuates. The formula was first derived by Black and Scholes (1973) and by 
Merton (1973) as the solution of a drifting diffusion equation whose coefficients are 
ensemble averages over the fluctuations. For this formulation they appealed to the 
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fundamental work of Ito (1951) on continuous time stochastic processes. CRR, on the 
other hand, devised their discrete technique specifically to rederive the Black-Scholes 
expression more simply, avoiding the mathematical sophistication of the Ito calculus. 
They constructed their model binary game so as to duplicate the expectation and variance 
of stock price fluctuations.    

This correspondence, between finance and betting, prompts us to recognise in 
blackjack that the player’s cumulative risk of ruin, Equation 19a, also satisfies a drifting 
diffusion equation, in our case 

2
2 2

2
0 0

1 0
2 NBR B W

N C C
σ

 ∂ ∂ ∂
− 〈 〉 − 〈 〉 = ∂ ∂ ∂ 

,                                                                  (20) 

in which BR〈 〉  is the drift rate and 2 2B σ〈 〉  is the diffusion constant. The expression 19b 
for the yield, although more complex, also satisfies the same differential equation. A 
deeper reason for the correspondence is that Black, Scholes and Merton assume that stock 
prices (more precisely their logarithm) approximately obey Markov statistics (see 
Mantegna and Stanley, 2000 for a detailed critique), while the Markov property is of 
course rigorously true for blackjack. Also, the presence in Equation 20 of ensemble 
averages as coefficients stems (as in the Ito calculus) from the underlying stochastic 
processes occurring much more rapidly than the drift or diffusion.  

Maximum Yield for Specified Risk. 

Functional variation 

We are now in a position to seek a functional maximisation of the yield with respect to 
the bet function )(RB , subject to the constraint of a fixed risk of ruin. The constraint is 
readily accommodated by using the Lagrange multiplier technique (Epstein, 1995), so we 
seek the functional stationary point, ( )/ ( ) ( ) 0N NB R Y W− =δ δ λ , where λ  is the 
multiplier. The functional variation is straightforward, with the result that the optimal bet 
function is a ramp, 2/)( σRRB ∝ , which we parameterise using a steepness s  such that 

2
0 /)( σRsCRB = . The parameter s  is determined from the specified value of the risk. 

For example, for very large N  where exp( 2 )W q≅ − , we find 1/ 21/ lns W −= . More 
generally, W  and hence s  also depend on the number of rounds.  

Of course, casinos only allow bets no less than a posted minimum, so a positive 
lower bound must be set on )(RB . For any of several reasons, we may also set an upper 
bound as well; we use the notation ±B  for these bounds. The imposition of these bounds 
reduces the yield. The optimal bet function now becomes a spline, shown schematically 
in Figure 1, with R -axis break-points at sCBR 0

2 /±±± = σ . Substituting the spline into 
the averages BR〈 〉  and 2 2B σ〈 〉  leads to 
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 2 2 2
1 2 0 2,bR A sA b A s Aσ〈 〉 = + 〈 〉 = + ,                                                                          (21) 

where 

( )
( )

2 2 2
0

1

2
2

( ),

( ),

( / ) ( ).

R

R

R

R

R

R

A b b dR R

A b b dR R R

A dR R R

σ ρ

ρ

σ ρ

−

+

−

+

+

−

∞

− +−∞

∞

− +−∞

≡ +

≡ +

≡

∫ ∫

∫ ∫

∫

                      (22) 

The optimisation problem thus grows to three independent variables, 0/ CBb ±± ≡  as well 
as NW . Computation and visualisation becomes a non-trivial task, which we address 
below in the section on graphical results. 

Distribution of returns 

We now return to developing the distribution function of returns, ( )Rρ , which we 
previously deferred. Consider drawing M cards from a pack with D  decks; then 

52M D M= −  cards remain.  The probability of the number jm  of value j  still remaining 
is the multinomial 

 
0

0

(52 )!!(52 )!( ) ( , )
(52 )! !(52 )!

j
jj

j j j j

DdM D Mp m M
D m Dd m
−

=
−∑ ∏m δ ,                                      (23) 

where the probability of value j  in the pack prior to dealing is 
0 1/13, 10; 4 /13, 10jd j j= ≠ = = . Then the probability of drawing the value j  on the 

next card is /j jd m M= , whose distribution is readily obtained from Equation 23. In the 
asymptotic limit of many cards of each value, we use (e.g., Feller, 1968) the Stirling 
approximation for the factorials and the steepest descents technique to find that the 
distribution of d  is Gaussian around 0d : 

 
0 2

0 20

( )1{ } 2 ( ,1) exp
22

j j
j

j j jj

d d
d

dd

  − ∆ −  ∆∆     
∑ ∏d ρ π δ

π
,                                       (24) 

where 2 / 52 (1 )f D f∆ ≡ −  and / 52f M D≡  is the fraction of the pack that has been dealt. 
(Here and throughout this section we denote all distributions by {...}ρ , a convention 
which saves us from having to define a new symbol for each function.)  



9 

Next assume a counting vector α , such that the running count is just ⋅α m and the 
true count (running count ÷  decks remaining is 52 / Mγ = ⋅α m (see Wong, 1994, p.32). 
We further assume that the counting vector is normalised, in the sense that 0 2 1j jj

d α =∑ ; 

and that it is ‘balanced’, 0 0⋅ =α d , so that the running count resets to zero after each 
reshuffle. Then the distribution of true counts is 

 
2

0 1 1{ } ( 52 ( )) { } exp
2 522 (52 )

d
  = + ⋅ − = −  ∆∆    

∫ d α d d d γρ γ δ γ ρ
π

.                      (25) 

Now we need a relationship between the true count and the return Rγ  expected 
for that count. Strictly speaking, that relationship is complicated and only obtainable 
computationally. However, we can take advantage of the fact that the number of cards in 
the pack is large, 52 1D ,  so that the width parameter∆  in Equation 25 is small. This 
allows us to approximate the relationship to first order in γ , so that 0 ( / 52)R Rγ γ≅ − ⋅α g  

and g  involves first derivatives of 0
0 ( )R d . The optimal counting vector, the one that 

maximises Rγ , clearly points anti-parallel to g , so that 0 / 52R Rγ γ= + g . We can avoid 
having to specify g  by instead noting that Rγ  increases with γ  from 0 0R <  and crosses 
the origin at a true count 0 0γ > ; in terms of the more useful parameter 0γ , the 
distribution of expected returns at the fraction f  becomes  

 ( )
2

0
0 0 0

1 1{ } / { } exp
22 RR

R RR d R Rρ γ δ γ γ γ ρ γ
π

  −
 = − + = −  ∆∆    

∫ ,                         (26)                            

where 0 052 /R R γ∆ ≡ ∆ . 

Finally, we average over all fractions up to that, F , at which the pack is 
reshuffled, usually called the penetration. Thus our desired distribution of returns is  

 
0

1( ) { }
F

R df R
F

ρ ρ= ∫ .               (27) 

The HJY betting pattern 

The HJY result can be recovered, in a generalised form, by maximising the yield while 
also subject to a fixed spread (the ratio of upper to lower bet bounds). We set 

1/ 2
0b b±

± ≡ β , so that β  is the spread and 0b  is the geometric mean of the bounds and 
combine Equations 19, 21 and 22. Then we look for the stationary point 0/ 0Ndy db = , 
while taking into account both that s  is a function of 0b  determined implicitly by the risk 
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expression and that 0/ 0NdW db =  since the risk is fixed. The chain rule differentiation, 
although bulky, arrives at the result that the bet slope s  satisfies the implicit HJY 
equation 1=sq  at the stationary point, irrespective of the functional forms of Ny and NW  
and independent of N  as well. We can also show that 2 2

0/ 0Nd y db <  at the stationary 
point, confirming that it represents a yield maximum. Note that the HJY lower bet limit 
may be greater than the table minimum, at least for some capitalisations 0C . 

Further insight into the HJY point can be gained geometrically by considering the 
surface ( )Ny b± . By direct differentiation we find that the contours of constant Ny  in the 

±b  plane have positive slope, 0/ >−+ dbdb  and are tangent to a ray of slope β   (i.e., line 
of constant spread) when 1=sq ; this again is just the HJY condition. 

Thus HJY determines the optimal betting pattern for a given spread, under our 
optimality criterion of maximum yield for fixed risk of ruin. Furthermore, the HJY 
formula is independent of the number of rounds played, which helps simplify its use in 
actual playing conditions. But a spectrum of other optimal bet patterns also exists, in 
which the spread is not a priori given. For example, we could increase the yield by 
adopting a larger upper bet bound and/or a smaller lower bound.  

We have arrived at this spectrum of optimal bets as a consequence of our criterion 
of maximum yield with fixed risk. Several authors, including Sileo (1992), Schlesinger 
(2000) and Harris (1997), advocate optimising the bet by instead maximising a certain 
ratio, 2 2 2/BR B σ〈 〉 〈 〉  in our notation. Each author gives the ratio a different name: Total 
Return Index, SCORE and (inverse) Long Run Index, respectively. It can be shown that 
the outcome of functionally maximising this ratio is the same as our result only in the two 
special cases of 1) a very large number of rounds or 2) the HJY bet. Their maximisation 
criterion becomes more plausible when the ratio is seen as just the square of the player’s 
return on investment (ROI) per round: the yield divided by the root-mean-square amount 
wagered. Maximising ROI is a decision criterion employed throughout business 
economics.      

Graphical Results. 

As we remarked above, it is difficult to visualise the entire 4-dimensional manifold of 
optimal bets, Ny  vs. ±b  and NW . We here show a few 2- and 3-dimensional slices 
through the manifold that seem to best illustrate its key characteristics; a more 
comprehensive investigation remains for future work. To perform the computations, we 
first select a representative set of blackjack game parameters: 6 decks with penetration to 
80% of the shoe before reshuffle; Basic Strategy expected return of -.005; variance of 
1.26 independent of R ; and zero expected return at a true count of 1+ . With this choice 
of parameters, much like those of Wong’s Benchmark Rules, the distribution of returns 
from Equations 26, 27 becomes the penetration-weighted Gaussian,  
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20.8

0

1 1 1 .005( ) exp
0.8 22 RR

RR dfρ
π

  + = −  ∆∆    
∫ ,                            (28) 

where 2 252(.005) / 6(1 )R f f∆ = − . Numerical integration, with careful attention to the 
integrable singularity at 0f = , shows (Figure 2) that ( )Rρ  is ski-jump shaped rather 
than bell-curved.  

FIGURES 1 & 2 HERE 

Computational Methods 

Our code, written in Visual Basic to double precision, begins by storing 2001 values for 
the error function, Equation 16, equally spaced in the argument range between -10 and 
+10; and 1001 values of the ( )Rρ  function, Equation 28, equally spaced in the argument 
range between -0.5 and +0.5. Each is generated via a simple trapezoidal integration, the 
former with 1000 mesh points, the latter with 80. The code then sets up a mesh of 50 
points in b+  between 310−  and 25 10−×  and 90 points in b−  between 42 10−×  and 32 10−× , 
each equally spaced. For each mesh point, an equally spaced set of 1000 values in 

1(2 / ) tan sπ −  is established between 0 and 1. Then, for each s , the 0,1,2A  functions are 
generated from Equations 22 via a trapezoidal integration over the 1001 R  points; bR〈 〉  
and 2 2b σ〈 〉  are computed from Equations 21; and, in turn, NW  and Ny  are computed 
from Equations 19 after looking up and linearly interpolating the stored table of values 
for the error function. Optionally, that s  value is determined by linear interpolation for 
which NW  matches a pre-selected value of risk. As another option, the HJY point is 
determined by linear interpolation on the condition 1sq = . Many of the results were 
verified by recoding the same equations and automatically plotting the numerical 
outcomes using the Mathematica software package, with its built-in optimised algorithms 
for numerical integration and the error function.         

Visualisation 

To begin to visualise the results, we plot in Figure 3 both yield and risk vs. the steepness 
parameter s , for the example of 610=N  rounds and bet limits 010.,001. == +− bb . Each 
curve has an extremum: Ny  has a shallow maximum at a slope where 19.0≈W  and 
W has a sharp minimum at 06.0≈ . Extrema of this kind are general properties for a wide 
range of other parameters. Thus, slopes that are either greater than the maximum, or less 
than the minimum, each correspond to lesser yield and greater risk than at the respective 
extrema. 

These results lead to Figure 4, where the slope is eliminated to plot yield vs. risk. 
Here, in addition to the example of the previous plot, we also show 

310=N and 10.,01. == +− bb . The latter might approximate the results of a weekend 
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trip, with the trip capital being a hundred base bets; the former a ‘lifetime’ of extensive 
play, with trip capital of a thousand base bets. The yield is scaled, in each case, to the 
ratio /Ny b− , which represents an effective return per unit bet independent of the initial 
capital. The yield may in fact be negative for sufficiently low steepness, although with an 
effective return always greater than that of Basic Strategy.    

Note that each curve has a right-hand end-point, corresponding to the bet function 
steepened into a step ( ∞→s , off the right-hand edge of Figure 3). Also note that each 
curve has a maximum, reflecting the maximum of yield vs. s . Furthermore, each curve 
has a left-hand end-point with infinite slope, reflecting the minimum of risk vs. s . Any 
point along the curve between those of minimum risk and maximum yield is a valid 
optimal bet; those outside this range are not. In addition, the HJY point (for the spread of 
10 in both examples) is marked, on the shoulder of each curve. Note as well that effective 
returns of +0.01 or greater are achievable, even in this relatively unfavorable example of 
6 decks, with spreads that are not unacceptably large under most casino conditions. 

FIGURES 3 & 4 HERE 

Figure 5 gives a clearer indication of the minimum and maximum risk, by plotting 
their contours over the ±b  plane. Figure 5a shows contours for 610=N , Figure 5b 
for 310=N . (The dashed line in Figure 5b marks the boundary −+ = bb .)  Note the 
dramatic change in character as the spread increases: for larger spreads there is a wide 
array of permitted base bets, whereas the base bets are tightly constrained for lower 
spreads. Alternatively, envision that the contours define two risk surfaces, min and max. 
The min surface decreases in moving towards the left of the ±b  plane; the max surface 
increases in moving towards the upper right; and the distance between the surfaces is 
greatest near the upper left edge, where the ‘floor’ bet is small and the ‘ceiling’ bet is 
much larger.  

A different way to look at the 4D manifold is to plot, in Figure 6, contours of 
constant yield over the ±b plane, for a given risk (in this instance chosen as 

2 .1353W e−= = , sometimes called the Kelly value). Figure 6a is for 610=N , while 
Figure 6b is for 310=N  with an enlarged scale. The region of valid optimal solutions is 
bordered by the contours where this risk is the minimum (on the right) or the maximum 
(on the lower left). The curve of HJY points is also shown. Placing a straight-edge 
through the origin of the graph confirms self-evidently that the HJY points are the 
tangents of the rays (lines of constant spread) with the yield contours, as found 
analytically above in the discussion of the HJY betting pattern.  

FIGURES 5 & 6 HERE 

Kelly betting 

Our treatment thus far has focused on bet sizes that depend on the current expected return 
and, less directly, on the player’s initial capitalisation. The bets do not depend on how 
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much the player has won or lost since the start of his session and each amount won (lost) 
then adds to (subtracts from) his capital. But sprinkled throughout the literature of 
blackjack analysis are mentions of an alternative procedure, proposed originally by Kelly 
(1956), where the bet size on a round is proportional to the player’s current capital. This 
procedure is commonly referred to as Kelly betting, although sometimes as proportional 
or multiplicative betting. 

The key advantage of Kelly betting is that the expected capital increases with N  
exponentially, faster than with conventional, or ‘additive’, betting. The major drawback, 
widely regarded by blackjack authorities as fatal, is that the procedure calls for very small 
bets on those occasions when the player’s capital has become low, a requirement that 
clearly violates the casino’s minimum bet rule. 

But our emphasis on risk of ruin as a factor in bet optimisation suggests a way to 
circumvent Kelly betting’s flaw. We instead interpret as ruin those situations where the 
player’s capital has dropped to the point that the resulting bet would be below the table 
minimum. We could then optimise the multiplicative bet scheme in the same way as we 
have for the additive one: maximise the rate of increase in capital subject to a fixed risk 
of ruin. 

We can again use the techniques of CRR to model the game process. In fact, since 
CRR apply their methods to valuing options on stocks, where stock prices are assumed to 
be log-normally distributed (i.e., to fluctuate multiplicatively), their work is no less 
appropriate to Kelly betting than to the conventional additive kind.         

Kelly betting postulates that the bet NB  on round N  is to be a fixed fraction ψ  of 
the player’s capital at that round: N NB Cψ= ; and that the fraction is to be chosen so as to 
maximise the rate of capital increase. With the same binary model game as in the 
discussion of yield and risk (above), it can be shown that the expected, or mean, capital 
after round N  is just 0 (1 )N

NC C R〈 〉 = + ψ , where R  again is the expected return. But the 
mean is a pathological measure of the capital distribution if we wish to maximise it with 
respect to the bet fraction: since NC〈 〉  is a monotonically increasing function of ψ , the 
maximum occurs at 1ψ = , i.e., the player is instructed to bet his entire capital on every 
round!  Much better behaved is the distribution’s median, which we denote ˆ

NC , given by 

0
ˆ exp ln exp[ ln(1 )]N NC C C N= 〈 〉 = +∑ κ

κ

χ κωψ ; the usefulness of the median for 

multiplicative processes, such as the stock market, has been emphasized by Maslov and 
Zhang (1998) and, in the context of Kelly betting, also by Ethier (2004). The median 
peaks at 2/R=ψ σ   and the peak value increases exponentially with N , 

2 2
0

ˆ exp( / 2 )NC C N R≅ σ  for R σ .  

Note that the optimal no-ruin Kelly bet size, 2/N NB C R σ= , is remarkably similar 
to the form 2

0 /B C sR σ=  we arrived at for additive betting. In each case the optimal bet 
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is directly proportional to the return, although in multiplicative betting the capital 
coefficient is adjusted to its current, rather than its initial, value and the ramp slope is set 
at 1s = . An additive bettor who occasionally rescales his bet staircase to better reflect his 
presently available capital accrues much of the advantage inherent in Kelly betting. 

But if the table minimum bet is B− , then the Kelly bettor is effectively ruined 
(i.e., his playing session terminates) if his capital drops below /C B ψ− −= . Our analytical 
task is to derive the probability of this occurring, for a given number of rounds; and also 
obtain the median capital averaged over many playing sessions, some of which end in 
ruin. The task is greatly simplified if, instead of deriving analogues of Equations 6 and 8 
and then taking the asymptotic limit, we rather modify Equation 20 which is already valid 
asymptotically. Since a multiplicative stochastic process is additive in its logarithm, we 
have 

 
2

2
2

0 0

1 0
ln 2 (ln ) NW

N C C
β σ

 ∂ ∂ ∂
− − = ∂ ∂ ∂ 

                                                                  (29) 

and the same equation for 0
ˆ(1/ ) ln( / )NN C C . The drift coefficient in Equation 29 is given 

by ln(1 )≡ +∑ κκ
β χ κωψ . The solutions to these equations, with a boundary at C C−= , 

are just the analogues of Equations 19a,b; in the simplest case of very large N , 

 0
2

0

ˆ1exp 2 ln , ln (1 )NC CW W
C N C−

 
≈ − ≈ − 

 

β β
σ

.                                                    (30a,b) 

Maximising the rate of growth of this median capital for fixed risk gives just the same 
optimal bet fraction as before, 2( ) /R R=ψ σ , so that in Equation 30, 2 2/ 2R≅β σ . Thus 
the optimised median capital continues to grow exponentially, but the risk of ruin slows 
the rate. 

When generalised to a compound game, similar arguments in the no-ruin case 
lead to the optimum, 2 2

0
ˆ exp[ / / 2]NC C N R σ≅ 〈 〉 ; but for R  below a positive threshold 

the bet size in practice is restricted to the table minimum. How to treat this mixed 
situation (multiplicative and additive combined, depending on the return) together with 
ruin is mathematically complicated and will be considered in a subsequent publication. 

The solutions to Equation 29 could also be elaborated for finite N , as we did for 
additive betting, but the key point remains the same: Kelly betting is much like additive 
betting when the latter’s ‘initial’ capital is rescaled occasionally; ruin exists in both forms 
of betting, diminishing the growth of capital but not otherwise affecting the utility of 
either.      

Discussion 
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Our analysis shows that there are multiple facets to betting optimally. The primary issue 
is really of assigning priorities among choices of yield, risk and capitalisation, along with 
constraints on minimum and maximum bet sizes.  

Even after fixing the bet limits relative to the initial capital, a choice must still be 
made on the trade-off between yield and risk. Thus, focusing in particular on Figure 4, 
any point along the curve between minimum risk and maximum yield is an optimum. But 
from one perspective neither end-point is ideal, since the curve has an extremum at each 
end. As a result, at the point of max yield a small downward shift in ramp slope reduces 
the risk correspondingly, with only a much smaller reduction in yield; and at the other 
end a small upward shift in ramp slope raises the yield correspondingly, with only a much 
smaller increase in risk. It seems that yield and risk would be better balanced at an 
intermediate point. In that respect, the HJY point appears to strike that balance quite well. 

The recreational player, however, may well have as his highest priority the 
avoidance of ruin. In this view, the player especially wants his evening or weekend 
playing time to not be interrupted prematurely and he may be willing to sacrifice some 
yield to avoid that outcome. For such a player, an operating point nearer the lower left 
end of the yield vs. risk curve would be more desirable. 

The dedicated player, on the other hand, is more likely to emphasise his long-term 
winnings and is well capitalised. His focus is likely on yield, defined to average over 
many sessions each with many shoe reshuffles, such that individual session ruin occurs 
multiple times. In other words, even though the player loses his entire session capital on 
some trips, his long-term average win rate is still given by the yield. From this 
perspective, the dedicated player should strive for maximum yield - greater than that of 
HJY - and accept the resulting increased probability of trip ruin as the price to be paid for 
that maximum performance. After a ruin episode, such a player would merely dip back 
into his overall capital and begin another session. 

The analysis and computation of this article has focused on additive bet functions 
that are splines, since they are shown to be mathematically optimal. Of course, casinos in 
practice require that all bets be integer multiples of the table minimum, not a smooth 
continuum. Thus, actual bets must be a ‘staircase’ approximation (schematically, the 
beaded path in Figure 1) to the optimal spline. Although this compromise reduces yield 
and/or raises risk, numerical modeling of this effect indicates it has only a modestly 
deleterious effect. The player wishing to adopt optimal additive betting must also select a 
staircase approximation in addition to making the prioritisations discussed above. A 
similar observation also applies to Kelly, or multiplicative, betting – bets must be discrete 
rather than a continuum – but we have not modelled the effect of this compromise.      

This article has quantified only a few examples of the tradeoffs necessary for 
selecting from the optimal additive bet manifold. There is a need for much additional 
computation and means of displaying its results clearly, so that every interested player 
can understand the available options and make an informed choice for himself. 
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Figure 1. Schematic representation of a spline bet function, a ‘ramp’ (solid line) with 
upper and lower bounds and a ‘staircase’ (beaded line) approximation to it. 
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Figure 2  ( )Rρ  from Eq. 28, compared with the Gaussian obtained by the replacement 
0.82 2

0
/ 0.8R Rdf∆ → ∆∫  
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Figure 3  Risk W and yield y vs. ramp slope s , for the example of 610 rounds, 
310−

− =b , 210−
+ =b .  
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Figure 4  Yield vs. risk, for the example of the previous figure as well as for 310 rounds, 
210−

− =b , 110−
+ =b . 
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Figure 5  Contours in the ±b  plane of the upper *)(W and lower )( minW risk boundaries. 
Figs. 5a and 5b correspond, respectively, to the 610  and 310 rounds examples of the 
previous figure. 
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Figure 6. Contours in the ±b  plane of the yield, for the risk value of 1353.2 == −eW . 
Figs. 6a and 6b correspond, respectively, to the previous 610  and 310 rounds examples. 
The upper and lower risk boundaries constrain the yield surface. Also shown is the curve 
of HJY points, of varying bet spreads.  
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